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ON A TRANSFORMATION OF LAGUERRE. 
By Percey F. Siru. 
INTRODUCTION. 


It is proposed in this paper to give an elementary and purely geometrical 
exposition of a transformation of space, which was for the first time defined 
and very briefly discussed by Laguerre in the Comptes Rendus for 1881, p. 
71 :—Sur la transformation par directions réciproques. Although treated more 
at length by Darboux in the Legons sur la théorie générale des surfaces, Vol. 
I, p. 253, the development is not systematic, and the properties of the trans- 
formation as such are not brought out clearly. In order to do this it is desir- 
able not to adopt the definitions of Laguerre or Darboux, but rather that 
proposed by E. Miiller in the Monatshefte fir Mathematik und Physik, Vol. 
IX, 1898: Ueber die Geometrie orientirter Kugeln nach Grassmann. In this 
memoir, the methods of the Ausdehnungslehre are followed. 

For this purpose it becomes necessary to introduce a configuration of 
spheres, the spherical complex. This complex is a special case of the general 
Kugelcomplex of Sophus Lie,* defined as the assemblage of x * spheres cutting 
a fixed sphere under constant angle. In the present instance, the fixed sphere 
becomes a fixed plane, the fundamental plane of the spherical complex. 
Various theorems on this configuration are developed in sections 1 and 2. 

The transformation in question is, under the definition of Miller, most 
fittingly designated: inversion in a spherical complex. Planes are transformed 
into planes, and the « ? planes enveloping a surface F’ into the  ? planes en- 
veloping a second surface F", so that we say: F inverts into F’. In particu- 
lar, spheres invert into spheres, and a point regarded as the envelope of all 
planes passing through it, into a sphere. Thus the transformation is not a 
point transfurmation. In order, however, that a given plane may invert into 
a unique plane, it is found necessary to assign a definite orientation to that 
plane, determined, e. g. by the direction of a normal. Such a plane is said to 
be oriented. 

The configuration of space consisting of a point P and a plane Z through 
P is known as a surface element, and may be denoted by (P, £). Ifa surface 





* First introduced in the well-known memoir: Ueber Complexe, insbesondere Kugelcom- 


plexe, etc., Math. Annalen, Vol. 5. 
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F touches E at P, then (P, £) is said to belong to F. Thus a surface F de- 
fines 2 2 surface elements, and is uniquely defined by them. Two surfaces are 
tangent if they possess a surface element in common. Surfaces having con- 
tact in the element (P, #) go over by any point transformation which trans- 
forms P into P’ into surfaces having contact in an element (f", Z’). For 
this reason, point transformations are called contact transformations. The 
transformation of Laguerre however belongs to a general class in which it is 
necessary to consider surface elements as oriented, i. e. as consisting of a point 
and an oriented plane through it. A surface / now defines two distinct con- 
tinuous systems each of x ? oriented surface elements, and if / is regarded as 
defined by only one of these, F’ is said to be oriented.* Two oriented sur- 
faces F and F” are tangent if they possess a common oriented surface element. 
By inversion in a spherical complex, which inverts an oriented plane Z into 
E’, oriented surfaces touching in (P, /) invert into oriented surfaces tangent in 
(P’, E’). As before, the transformation is, then, a contact transformation. 

The transformation of Laguerre, from its elementary character, deserves 
to be numbered among the transformations of elementary geometry, viz., col- 
lineations, correlations, and inversion in a sphere. In fact, many of its prop- 
erties developed in the following pages are identical with those of the last 
mentioned transformation. Inversion in a sphere may indeed be defined with 
reference to a special Augelcomplex, viz., the «* spheres cutting a fixed 
sphere, the sphere of inversion, orthogonally.t Then any point P is trans- 
formed into a point / determined by the property that all spheres of the com- 
plex passing through P also pass through /”. The two transformations in 
question are thus clearly associated with the two most immediate special cases 
of the general Augelcomplex. 

It may be remarked that a transformation founded in the same manner on 
the general Augelcomplex may be established, which is, however, compounded 
ina simple manner of the two foregoing. All belong to the general class 
studied by Lie, /. c., of contact transformations by which spheres remain 
spheres. 

Finally, the results of the following sections may be interpreted for the 
plane, mutatis mutandis.t 





* Laguerre, 1. c. uses the term semi-surface, and for oriented plane, semi-plan. 
+ Cf. the memoir by E. Miller, Monatshefte far Math. u. Phys. Vol. III. 


} Laguerre studied originally the transformation in the plane; v. Bulletin de la Soctété 
Math. de France, Vol. 8, p. 196. 
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‘ 


1. The Spherical Complex. Given in space a plane 7 and a sphere 
S of centre cand radius r, then every point c’ of space is the centre of a 
unique sphere S’ determined by the condition that the intersection with 7 of 
the line joining ¢ and c’ shall be a centre of similitude of S and S’.* If c¢ and 
c’ are on the same side of 7, this point is an external centre of similitude,—if 
on opposite sides, an internal centre. This assemblage of x * spheres may be 
called a spherical complex, and m the fundamental plane of the complex. De- 
noting by C the spherical complex, we may write, C is (S, 7). 

If S’ and S” are two spheres of C, then, by well-known theorems on cen- 
tres of similitude, a centre of similitude of S’ and S” will lie in 7. Thus any 
sphere of C will serve with 7 for definition. 

The spherical complex C may be constructed also as follows :—let p be 
any point of 7 and consider the cone of revolution V with vertex at p and cir- 
cumscribing S. Then all spheres inscribed in V belong to C, and if V be 
now displaced by a translation such that p moves in 7, the x * spheres in- 
scribed in V in all of its different positions constitute the spherical complex. 
In particular, if p describes a straight line / in 7, we shall get x ? spheres of 
C, viz., all spheres touching the two planes passed through / tangent to VS, 
whose centres lie in the plane containing / and the centre of S. 

The points of the fundamental plane are to be regarded as spheres of the 
complex of radius zero. 

The plane at infinity may be chosen as fundamental plane, in which case 
the spherical complex consists of all spheres of the same radius as S. 

We may consider the x ° points of space as a spherical complex 2. Any 
plane of space will serve as fundamental plane for this complex. 

Denoting now by p the perpendicular distance from c, the centre of S, to 
a, taken with positive or negative sign according as c is on one or the other 
side of 7, then the ratio p:7r, where r is the radius of S, is numerically the 
same for all spheres of C. In order to make this ratio retain the same sign, 
we may assign opposite signs to the radii of the spheres of C according as 
these spheres lie upon one side orthe other of 7. Then setting p:r equal to 
x, we shall call « the constant of the complex (S, 7). Evidently « and 7 
(7. e. four parameters) define the complex. 

All spheres of a complex whose constant « is numerically less than unity 





* The treatise of Rouché et Comberousse: Traité de géométrie élémentaire, troisitme 
édit., 2° partie, p. 257, may be consulted for the properties of centres of similitude, etc. 
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cut the fundamental plane under a constant angle cos~'«, which property may 
also serve as definition of the complex. 

In the specialease «=+41, the spheres of the complex touch the funda- 
mental plane. Such a complex will be called special. If « =0, the complex 
consists of all spheres whose centres lie in the fundamental plane, and will be 
termed an orthogonal complex. 

The necessity which here appears of attaching a sign to the radius of a 
sphere is identical at bottom with that of assuming a definite orientation for 
the sphere. 

We adopt the convention, the normal is directed from or toward the cen- 
tre according as r is positive or negative. 

Two given oriented spheres S and S’ with centres ¢ and c’ have a unique 
centre of similitude x defined by 


b ] 
r! 


rand 7” being the radii of S and S’ respectively. Thus x is the external or in- 
ternal centre of similitude according as S and S’ have like or unlike orienta- 
tions. Then three oriented spheres have a unique axis, and four a unique 
plane of similitude. Hence four oriented spheres determine a spherical complex 
whose fundamental plane is the plane of similitude. 

2. Spheres common to two or more complexes. The prelimi- 
nary notions just developed render easy the proofs of the following general 
theorems : 

I. Two complexes have «* oriented spheres in common, viz. all spheres 
inscribed ina certuin diedral angle whose edge is the intersection of the funda- 
mental planes. 

Il. Three complexes have x) oriented spheres in common, viz. all 
spheres inscribed in a certain cone of revolution whose vertex is the point of 
intersection of the fundamental planes. 

Il. Four complexes have a unique oriented sphere in common. 

Proofs: Let CO; (S;,7;), ‘= 1, 2, 3, 4, be four complexes, and denote by 
c; the centre of S;. 

I. We may determine one sphere common to C, and CQ, thus: Through 
z, the centre of similitude of S, and S,, draw a line cutting 7, and 7, in y; 
and y2, then the intersection of c, y, and c,¥, is the centre of an oriented 
sphere S common to C; and C4, y, being the centre of similitude of S, and 
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S,and y, of S, and S. Now, every sphere inscribed in the diedral angle 
formed by passing planes through the intersection of 7, and 7, tangent to S 
will belong to C, and C4, and a/l common spheres are thus determined, for the 
centre of similitude of SS and any other common sphere must lie in 7, and 7. 

II. As before, first determine one common sphere. Let S be common 
to C and C,, and x the centre of similitude of S and S;. Draw any line 
through x and the line of intersection of 7, and 7, cutting 73 in y, then it is 
easily seen that the line joining y and c, intersects the plane of centres of 
the spheres common to C; and C, in the centre of an oriented sphere common 
to C;, C,,and Cs. Hence all the common spheres are inscribed in the cone of 
revolution whose vertex is the intersection of 7, 7, 73; and which circum- 
scribes SN. 

III. The common sphere is thus constructed: Let v be the cone of 
revolution circumscribing all spheres common to C, C2, C3, 0 its vertex, / its 
axis. If, now, S is any common sphere of C,, C2, and (3, x the centre of 
similitude of S and S,, and y the intersection with 7, of the line joining x 
and o, then yc, intersects / in the centre of an oriented sphere common to C), 
C,, C3, and C,. This common sphere must be unique, for if there were two 
such, their centre of similitude would be a point common to the four funda- 
mental planes. 

Exceptions to the general theorems may arise due to special relations of 
the given complexes. For example, if 7, and 7, coincide, the common spheres 
of C, and C, are the points of the common fundamental plane. 

3. Inversion in a spherical complex. This is the transformation 
of Laguerre, a transformation of planes into planes, but not a point transfor- 
mation. The designation,* inversion in a spherical complex, is peculiarly 
appropriate, as will appear from the definition of the transformation. Re- 
membering the statements in the Jntroduction regarding oriented surfaces and 
the contact of such surfaces, the definition of the transformation may be thus 
stated : 

All oriented spheres of a given spherical complex C which touch a 
given oriented plane are tangent to a second oriented plane. These planes 
intersect on the fundamental plane of C and are said to be inverse with respect 
to C. 

The truth of the statement follows from the following consideration : 





*Cf. Miller, loc. cit. 
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Any two oriented spheres of C touching an oriented plane Z have their cen- 
tre of similitude in the intersection of EF and 7, hence the second oriented 
plane through this line tangent to one of the two spheres is tangent also to 
the other. 

The transformation is involutory, 7. e. if E is transformed into £’, then 
conversely, E’ transforms into EZ. Parallel planes remain parallel and the 
plane at infinity is invariant. 

If « < 1, the planes cutting 7 under the angle 180°—cos—" «, /. e. the planes 
touching the spheres of C along their intersections with the fundamental plane 
are unchanged by the transformation. 

Special Cases. Inversion in a special complex («= 1) transforms an 
arbitrary plane into the fundamental plane. This case is of no interest. 

Inversion in an orthogonal complex (« =) is plainly a simple reflection 
on the fundamental plane. 

If the fundamental plane is at infinity, the transformation displaces every 
plane parallel to itself a distance equal to the constant diameter of the spheres 








of the complex, and reverses at the same time the orientation. In particular, 
inversion in ©, the complex of all points, merely changes the orientation. 

4. Transformation of a surface by inversion in a spherical 
complex. The tangent planes of a surface ¥’ are transformed into planes 
enveloping a surface #”. The surfaces F and F" are said to be inverse with 
respect to the complex. If no definite orientation is assigned to F, then each 
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of its tangent planes inverts into two distinct tangent planes to F’, and F’ 
consists of two nappes. 

In particular the following theorem is fundamental : 

An oriented sphere Sy is transformed by inversion in a spherical complex 
C' into an oriented sphere S'). The radical plane of S, and S', is the fun- 
damental plane of C. 

Prog: Referring to fig. 1, let So be the given oriented sphere, with 
orientation as marked, 7 the fundamental plane, Z any oriented plane tangent 
to So, and £’ the inverse of H, S being a sphere of C' touching EZ. Taking 
the angles x and a and points as marked, we have 


sin x TC 
—_=—-—— =, 
sina CUP 





where « is the constant of the complex C. From the equality of the angles 
in the figure : 
sine ()P_OLP)_ P+ OP 
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(2) CN-ON=CiP'—C.P. 


Putting C,P=-h, (P=, NC,=p, NCo=p’ 


aa 


SS 


(1) and (2) become 
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Since then p' and F?’ are independent of S, the theorem is proven. 

The equations (A) furnish an analytical definition of the transformation. 
We may remark that a sphere belonging to C (in which case p :R=«) in- 
verts into itself. 
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A point, considered as the locus of all oriented planes passing through 
it, 7. e. the limiting case of an oriented sphere with vanishing radius, trans- 
forms in general into an oriented sphere. Thus inversion in a spherical com- 
plex is not a point-transformation. The points of the fundamental plane are 
invariant. 

When the fundamental plane is at infinity, the transformation is especially 
simple. Let # be the constant radius of the oriented spheres of such a com- 
plex; then an oriented sphere S of radius r inverts into a sphere with the 
same centre and a radius = 2R—r, 7. e. S is merely dilated. In particular, 
a point is dilated into a sphere of radius 2/2. Any surface is transformed into 
a parallel surface. The following theorem is also evident : 

A non-oriented surface is its own inverse with respect to the complex 2 
of all points. 

The formulas (A) for «= — 1 define a transformation studied by Bon- 
net in the Comptes Rendus, Vol. 42, p. 485; a point inverts into a sphere 
whose centre lies in the fundamental plane. 

5. Other properties of the transformation. If (fig. 1) £Z is 
tangent to a surface F’ at J, then EZ’ is tangent to the inverse surface F” at 
P’, while the sphere S of C touches F at Pand F" at P’. Hence the theo- 
rem :* 

All spheres of a given spherical complex C which touch a surface F are 
tangent also to a surface F", the inverse of F with respect to C, and the tangent 
planes to F and F' at these points of contact are inverse with respect to C. 

Two surfaces tangent to F at P transform into surfaces tangent to E” at 
FP’; thus the transformation is a contact transformation. We remark here as 
before, that “tangent” implies coincidence in orientation of the tangent 
planes. 

The «x! oriented planes tangent to a surface F’ along any curve c invert 
into planes tangent to the inverse surface F’ along a curve c. In this sense, 
curves on Fare transformed into curves on ¥”, In particular, the lines of 
curvature of F go over into lines of curvature on F"'. For let P and P, be 
consecutive points on a line of curvature of F' through P, then one of the 
principal spheres of F touches F at P and also at P,; hence this sphere in- 
verts into a principal sphere of F’ touching at P’ and Pj, consecutive points 
of a line of curvature on F’. 





*Cf. Darboux, l. c. 





ON A TRANSFORMATION OF LAGUERRE. 161 


If the oriented plane EF touches two surfaces F and G in P and Q, then 
PQ may be called the tangential distance of F and G in E. Now let E 
transform into Z’ tangent to the inverse surfaces F" and G’ in P’ and Y; 
then PQ=/" QY. Fora sphere S of C touches F and F’ in P and P", and 
a second sphere S’ of C’ is tangent to Gand G' in Q and @Q; then the lines 


PQ and P’Y are common tangents to S and S’ through their centre of 


similitude. We have then the theorem: 
Tangential distance is unaltered by the transformation.* 








Fic. 2. 


Turning to formulas (A) and fig. 2, let V P=p, then the point P in- 

verts into a sphere S’ of radius /’ such that 
n+ 1 2« 2 
.. is SS Tp »” _ —_ 
p'=NC= _—, XP, R a7? =3 

If then P describes an oriented surface F’, S’ will touch the inverse sur- 
face F’, and the centre of S’ will describe a surface F) obtained from F' by 
increasing its ordinates relative to 7 in the constant ratio c—1 : «+1, 
or if we set, for convenience, w= 2«/(e?—1), Yl—y? : 1 

We remark also, since p’ : #’=1: mw, that the spheres S’ belong to a 
spherical complex with 7 for fundamental plane. 





*The paper of Miiller, J. c., may be consulted for analogues of the well-known theorems 
of Bonnet and Joachimsthal on lines of curvature, in which tangential distance replaces angle 


of intersection. 
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If, now, F is not oriented, S’ will touch F’ in 7” and P", points sym- 
metrical with respect to the plane Z touching Fy at c, and S’ will envelop F", 
hence the theorems : 

The inverse of an oriented surface F is touched by all spheres belonging 
to a spherical complex with Jundamental plane m and constant 1; » whose cen- 
tres lie on a surface F, derived from F by increasing its ordinates relative to 
the fundamental plane in a constant ratio 

yl-—-# : 1; 
if F is not oriented, then the inverse is the envelope of these spheres, the two 
points of contact being symmetrical with respect to the plane touching Fy in 
the centre of the sphere. 

This last theorem is given in somewhat altered form by Laguerre and Dar- 
boux. The surfaces F' and Fy intersect 7 in the same curve. In particular, 
if F' is an algebraic surface, so is Fy, and of the same order as F’. 

6. Other definitions of thetransformation. Let Sbe an oriented 
sphere and £ any oriented plane, and let that tangent plane to S which is par- 
allel to H and has the same orientation touch S at /?; then P is called the 
spherical image of E on 8S. Evidently P is the spherical image of x? ori- 
ented planes. 

Referring to fig. 1, the line joining the spherical images on S of F and 
E’ passes through VM, the pole of 7 with respect to 8S. Hence P and /” are 
corresponding points in a spherical inversion on the centre M which inverts S 
into itself. Let, now, F be any oriented plane intersecting 7 in /, and Q its 
image on S; let &W intersect S again in Q’, then the inverse of F is the ori- 
ented plane through / whose spherical image on S is Q. 

Hence we have the result : 

Inversion on a spherical complex may be thus defined :— Corresponding 
planes intersect on the fundamental plane, and their spherical images on any 
sphere of the complex are inverse points in a spherical inversion whose centre 
is the pole of the fundamental plane with respect to that sphere. 

Again in fig. 1, the line P/” intersects cych in M’, the centre of similitude 
of S, and Sj. For, with the previous notation, 


CM’ R 
OM = Rr 


If, now, PP’ be produced to meet S, again at P”’, then P” is the spherical 
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image of EZ’ on Sy. Now Pand FP" are corresponding points in a spherical 
inversion on the centre M’. Hence, as before, a new definition : 

Corresponding planes intersect on the fundamental plane and their spher- 
ical images on any oriented sphere are inverse points in a spherical inversion 
whose centre is the centre of similitude of the given sphere and its inverse with 
respect to the complex.* 

The spherical image on a sphere of any surface F' is the locus of the im- 
ages of the planes tangent to #’. Hence this theorem : 

The spherical images on any sphere S of two surfaces inverse with respect to 
a spherical complex are transformed into each other by a spherical inversion. 

7. Transformation of a spherical complex. Having seen in 
what way the familiar configurations of space are transformed, we may now 
consider the transformation of a spherical complex. 





Let the spherical complex Cy(So, 7) be inverted on the complex C with 
fundamental plane 7. Then S, inverts into Sj, and M is the centre of simili- 
tude of S, and Sj. Now S, may be transformed into Sj by spherical 








* Given by Darboux, /.c., but the relation of the centre of inversion to the given sphere 
is not indicated. 
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inversion on the centre M. By well-known theorems, there is a unique 
homology (7) with centre Mand plane 7, which transforms Sy into Sj exactly 
as does the above spherical inversion. Hence by the previous section, ( 7’) 
transforms a plane tangent to S, into a plane tangent to Sj exactly as the 
inversion in C. Let 7 transform into 7 by(7')- Then any cone of revolu- 
tion cireumscribing So, with its vertex in 7, transforms by (7') or by the in- 
version in C into a cone of revolution circumscribing Sj with vertex in 7. 
Hence the theorem : 

A spherical complex Cy is transformed by inversion in a spherical complex 
C into a spherical complex Cy. The fundamental planes of Co and Cj, inter- 
sect on the fundamental plane of C. If the spheres Sy of Cg and Sy of Co 
correspond, then the circles of intersection of m7 with Sg and of m with So are 
inverse in a spherical inversion whose centre is the centre of similitude of So 
and Sj. 

A special complex («= 1) inverts into a special complex. In particular, 
the complex 2 of all points transforms into a complex C’ with the same funda- 
mental plane as C’, and the constant of C’ is («? + 1)/2«(cf. §5). 

The following theorem given by Darboux (p. 255) is now established : 
Tf a surface F isenveloped by spheres belonging to a spherical complex Cy, then 
these spheres invert into spheres belonging toa complex C' and envelop a surface 
F’, the inverse of F. 

8. Simultaneous Invariant. Involution. Let the complexes Cy 
(So, 7), Ci (So, 7) (fig. 3) invert on C into C§ (Sj, 7) and Cy (Sj, 77). 
Let /) and Py be the poles of 7) and 7} with respect to S, and Sj respect- 
ively. Then since 7) and 7, are transformed into 7 and { by the collinea- 
tion (7') which transforms S, into S$, if PP, lies in 7, then will P§ lie in 7}, 
i. €. two complexes whose fundamental planes are conjugate with respect to 
a common sphere invert into two complexes having the same property.” This 
is then an tnvariant property of two complexes. A simple calculation gives 
as the analytic condition for this relation 


cos 8+ KK, =0, 


where @ is the angle between the fundamental planes, and «, and «, the con- 
stants of the two complexes. The expression cos 8 + *9«,may be called the 
simultaneous invariant of the two complexes. 





*If 7) and 7; are conjugate with respect to one of the «* spheres common to Cy and C), they 
are conjugate with respect to every such sphere. 
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Two complexes are said to be conjugate or in involution when their sim- 
ultaneous invariant vanishes. 

If Cy is an orthogonal complex, then every complex whose fundamental 
plane is perpendicular to 7 is in involution with Cy. If 7 is the plane at in- 
finity then the system of x * complexes in involution with Cy is the system 
of all orthogonal complexes. This is true in particular for the complex of all 
points 2, ¢. e. any orthogonal complex and Q are in involution. 


9. System of four spherical complexes mutually in involu- 
tion. If S is the oriented sphere common to C,, C,, C3, C,, and if the fun- 
damental planes 7, 72, 773, 7, forma self-conjugate tetrahedron with respect 
to S, then C,, Cy, C3, Cy are two by two in involution. 

In particular three orthogonal complexes whose planes are mutually 
perpendicular and the complex 0 form a system of four complexes mutu- 
ally in involution. By inversion in any spherical complex this system is trans- 
formed into a general system in involution, the point of intersection of the 
three planes inverting into the sphere S, common to the four transformed 
complexes. 

10. The inverse of a central quadric. We may now apply the 
preceding results to the discussion of the oriented surface F' obtained by inver- 
sion on a spherical complex of a non-oriented central quadric /. 

Since f is sibi-reciprocal (7. e. its own inverse) with respect to four 
spherical complexes mutually in involution, viz. orthogonal complexes on the 
three central planes and the complex of all points 0, then: 

Theorem I. The surface F is sibi-reciprocal with respect to four spherical 
complexes mutually in involution. 

Let these four complexes be C), C2, C3, Cy, with four fundamental planes 
11, 2, Ty 7, and suppose e. g. C is the inverse of 2. Then by the theorem 
at the end of §5 we see that /’ is the envelope of «© * spheres whose centres lie 
on a quadric /, and which belong to C,. But no one of the four complexes 
C,is to be distinguished, since, by the preceding section, they form a gen- 
eral system in involution, hence we have : 

Theorem IT. The surface F is the envelope in four ways of «©? spheres 
whose centres lie on a quadric F;, and which belong to a spherical complex C;,. 

Then by the same theorem : 

Theorem IIT. With each quadric F, is associated a second quadrie f; 
derived from F; by reducing its ordinates relative to m; in a constant ratio, and 
F and f, are inverse with respect to C;. 
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It is easy to show that the four quadries F; are confocal. In fig. 2, let 
be a point on F; and £ the tangent plane, then /” and P” are on F, and £’ 
and E” are tangent planes to /. Now if #is aminimum plane,* then the line 
P’'P" being perpendicular to # must lie in #, hence £# is tangent to F’, and 
in the same way if Z” is a minimum plane, # and £” must coincide with it,f 
and therefore F’; and F are inscribed in the same minimum developable, hence : 

Theorem IV. The four quadrics F, and the surface F are confocal, 

We may next determine the class of #. Consider any pencil of oriented 
planes; this inverts into the planes of a cone of revolution,{ four of which 
are tangent to f;,, hence: 

Theorem V. The surface F is of the fourth class. 

Since a tangent plane to f; at a point of its intersection with 7, inverts 
into two planes touching F’ at this same point, we have : 

Theorem VI. The surface F contains four double conics, viz., the inter- 
section of f; (or F;) with the fundamental planes of the Cy. 

Let / be a minimum line at infinity ; through this line may be passed two 
minimum planes tangent to F; and hence to #’. Since F is of the fourth class, 
from the remark of the preceding note, follows : 

Theorem VII. The surface F’ contains the imaginary circle at infinity 
as double line. 

The singular focal (or minimum) developable of a surface containing 
the imaginary circle at infinity is the developable of minimum planes touching 
the surface along this circle, and the double lines of this developable are the 
singular focal lines of the surface, hence : 

Theorem VII, The singular focal lines of F are the focal lines of the 
quadrics F,, and these are the only focal lines of F. 

The sphere belongs to the above class of surfaces, whose minimum de- 
velopable and singular minimum developable are identical. 

The preceding results except the last theorem are given by Darboux and 
Laguerre without proof in the papers already mentioned. We return to the 
surface F’ in section 15. 





*i. e. E is tangent to the imaginary circle at infinity. 
tif £’is a minimum plane, then CP being perpendicular to E’ lies in E’, i. e. E' passes 
through the centre of S', and therefore J” lies at infinity on the imaginary circle, i. e. a mini- 
mum plane tangent to F touches F on the imaginary circle at infinity. 
} The vertex is the point of intersection of the axis of the pencil with ™,. 
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11. Pencil of spherical complexes. The system of x ! complexes 
containing all «©? spheres common to two given complexes Cy, and C; are 
said to form the pencil (Co, C,). Since the point spheres common to C,, and 
C’, are the points of intersection of the fundamental planes 7 and 7, the fun- 
damental planes of the pencil (Cy, C,) belong to the pencil of planes (7, 7;). 
Between the pencils (79, 7,), (Co, C)) exists a (1,1) correspondence. 








Fig. 4. 


Let the sphere S (fig. 4) belong to Cp and C,, then there are two special 
complexes in (Co, C,); the fundamental planes of these special complexes 
touch S, and the common spheres of Cy and C, consist of all oriented spheres 
touching these planes. One orthogonal complex belongs to (Co,C)) ; its funda- 
mental plane is the locus of centres of these spheres. 

If wz. and 7, coincide, the pencil becomes all complexes with the funda- 
mental plane 7». 

12. Transformation of two given spherical complexes intoeach 
other. In fig. 3 if Sy becomes a sphere of C, Sj becomes identical with So, 
and M becomes the pole of a with respect to So. The collineation (7') now 
becomes the harmonic projection with centre Mand plane 7. 

If then, in fig. 4, and M’ are the two centres with respect to which 
the intersections of 7) and 7, with S are inverse,* then Cy and C\ are inverse 





* M and M’ are both real only if !xg! and |«,! both exceed or are both less than unity. 
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with respect to each of two complexes of the pencil (Co, C,) and the funda- 
mental planes of these complexes pass through .V and MW’. Denoting these com- 
plexes by C and C’ and their fundamental planes by 7 and 7’, then the pencil 
nr 1, 7 Ty) is harmonic, and (and C’ are in involution. That is 

Two spherical complexes are inverse with respect to each of two complexes 
of the pencil determined by them, and these to complexes are in involution, 


Some special cases require explanation : 
(1) mand m, are coincident. 


Dividing the equations (4), we get 


f= (0-1) +(h->): 


e+] 


where A= 5 
ak 


Hence the complexes with constants p: Rand p’: F#' are inverse with re- 
spect to the two complexes with fundamental plane 7 and whose constants are 
the solutions of «7—2«X%+1=0. The product of the roots here being + 1, 
the two complexes are in involution with @ = 180°. 

(2) Q one of the given complexes. 

By the foregoing, 2 inverts on C into a complex C with the same funda- 
mental plane as C’ and with constant 





This equation has two solutions for «, with product = + 1, as before. 

The following theorem is important : 

A spherical complex C conjugate to each of two given complexes is conjugate 
to every complex of the pencil determined by them. 

For if Sis a sphere common to the three complexes, the pole of the fun- 
damental plane of C with respect to S lies in the intersection of the funda- 
mental planes of the two given complexes. 

18. Transformations resulting from successive inversions. 

We establish in this section certain theorems analogous to well-known 
theorems on spherical inversions. The former theorems may be established 
directly, but are most simply derived from the latter by means of the defini- 
tions of section 6, 
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The theorems on spherical inversions are as follows :* 

Two successive spherical inversions may always be replaced in oo! ways 
by two other spherical inversions; the four spheres of inversion belong to the 
sume coaxial system, and the centre of one of the latter inversions may be 
chosen arbitrarily in the axis. 

Two spherical inversions are commutative when and only when the 
spheres of inversion cut orthogonally. 

Consider (fig. 4)the complexes Cy (S, 7) andC,(S, 7). A plane touch- 
ing S at P inverts in Cy into a plane touching S at 2”, and the latter plane in- 
verts in C’, into a plane tangent to S at 2” (§6), where P is transformed into 
P" by successive spherical inversions with centres M,and M,. The spheres of in- 
version cut S orthogonally, and the product of these inversions may be replaced 
by two other inversions with centres on the line M).¥,, whose spheres of in- 
version cut S orthogonally. One of these centres may be chosen arbitrarily. 
If, then, Mj and Mjare two such centres and 7j and 7{ their polar planes with 
respect to S, successive inversions in C’, and C, lead to the same result as suc- 
cessive inversions in C5 (8,7) and Cj (S,7{). For this is plainly true for all 
oriented planes tangent to S, hence also for the cone of revolution circum- 
scribing S and any sphere oc, and from the invariance of tangential distance, 
o must transform into the same sphere in both instances. 

Denoting, now, the inversion in C by (C’), and successive inversions in 
Cand C" by (C C’), we have 

(CoC) = (CoC7)- 

It is easy to see that C, being chosen, C{ is unique. Hence the theorem : 

The transformation of space (T') which is compounded of successive inver- 
sions in two spherical complexes, may be resolved in ©) ways into successive 
wnversions in two other spherical complexes. The four complexes belong to the 
same pencil; and, of the two latter, one may be chosen arbitrarily and then the 
other is uniquely determined.t 

(The proof however fails when 7 and 7, coincide. In this case, let S be 
any sphere; then using §6, the same considerations will apply.) 





*Cf. e.g. Borel in the Note in Niewenglowski’s Cours de Géométrie analytique. Vol. III, 
p. 505. 

+ An interesting case occurs when C’y is chosen as Ch, i. e. (Ooi) =(C, C). Then C; is 
one of the two complexes of §12, i. e. Cy and C are inverse with respect to Ci, which relation 
we may denote by C,(C) C;, or GC; (C) Cy. For, if Co(Cy€,) C’ = Cy (Co) Cy (C1) C’, then since 
9 (Cy) C'(C) C’, C’ must be C itself. 
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Choosing the orthogonal complex of the pencil, we get the very important 
theorem : 

The transformation (T) may be uniquely resolved into a reflection and in- 
version, or an inversion followed by this reflection.* 

If Cy, and C, are in involution, and S is any common sphere, the spheres 
of inversion with the centres M, and .V, will cut orthogonally, and since the 
spherical inversions with centres My and Wj are commutative,we have 

Inversions in spherical complexes in involution are commutative, and con- 
versely. . 

An important case is the special case above remarked, when the funda- 
mental planes coincide. Consider, then, two complexes in involution, C and 
C’, with coincident fundamental planes. Since the simultaneous invariant 
vanishes, the constant of one must be numerically equal to the reciprocal of 
the constant of the other. Denote the inversions by (C’) and (C”) ; then re- 
solving (C’C’) into an inversion and reflection, since the common spheres of 
Cand C’ are in this case the points of the fundamental plane, the complex in 
involution with the orthogonal complex is the complex of all points 2.  Call- 
ing the reflection (7), we have then 


(COo',=(07), 
or (ccc) =(CQay), 
and since (CC) is the identical transformation, 
(C")=(CON)=(120); 
whence the important theorem : 
Inversion in a spherical complex with constant « may be resolved into a 
reflection in the fundamental plane of that complex, change of orientation and 


inversion in a spherical complex with constant 1/«, or into the same three in- 
versions in the reverse order. 


14. Group of the geometry of reciprocal directions. Repre- 
senting as before the inversion in the spherical complex C; by (C;), from the 
theorems of the preceding section, the transformation made up of successive 
inversions in the x complexes, C,, C,, C3, . . . C,,, may be resolved thus : 





*Cf. Borel, 1. c , for the corresponding result when (7) is compounded of two spherical 
inversions. The transformation (7) belongs to the class studied by Wiener in an important 
paper: Ueber die aus zwei Spiegelungen zusammengesetzten Verwandtschaften, Leipziger 
Berichte 1891, p. 644, in which many general theorems are established. 
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(C1, 0,0,...C,)=(L44...C)=(CHR...1), 
where the (/)s are reflections. If n is even, then from the last theorem of §13, 
(C)=(72 C1), (C") =(CiaTr), 
and since an even number of reflections is a displacement of space, and (Q) is 
change in orientation, we have the result : 
A transformation (T) of space which is compounded of successive inver- 
sions in any number of spherical complexes belongs to one of two classes : 


(a) (T) = (CD) > (D'C") 
(b) (T)/=(CQND)=(P2C), 


where (D),(.D') are displacements, (C),(C’) inversions in spherical complexes, 
and (Q) change in orientation.* 
Consider, now, the system of transformations embracing 
(1) all displacements ()), and the identical transformation, 
(11) all inversions in spherical complexes (C), 
(111) all transformations (CD), 
(IV) all transformations (CQ D). 


These transformations form a group. To prove this, we may, by virtue 
of the preceding theorems, confine ourselves to compounding transformations 
in classes (III) and (IV). Consider, e. g., the result of compounding two 
transformations of (IV). By applying the preceding theorems, we easily get 
(COD) (C'AD)=(C paaAD Cc") =(CD"'C")=(CC"D") =(CQ, 2D"). 

Similarly for two transformations one each of (III) and (IV), or two of 
({II). 

The most general transformation of this group depends upon ten param- 
eters, viz., the inversion on four, the displacement on six. As is well known, 
the group of the Geometry of Reciprocal Radii, in which spherical inversion 
plays the same role as inversion in a spherical complex in the above group, is 
a ten parameter group, the most general transformation being composed of a 
spherical inversion and a displacement. This group embraces all conformal 
point transformations of space. We may then properly call this new group, 
using Laguerre’s designation, the group of the Geometry of Reciprocal Direc- 





*This theorem implies that a transformation (CD) may be resolved into the second form 
(D'C"). For if we resolve (D) into four plane reflections (J, J; J; 4), then (C D) = (CL hi, h), 
and applying the second theorem of §13, (C444) =(4 04,4), or finally = (DC). 
Similarly for (0). 
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tions. This group embraces all plane-transformations preserving tangential 
distances.* 

It is interesting and important to note that the group of the Geometry of 
Reciprocal Directions is simply isomorphic with the group of all displacements 
and symmetry transformations in space of four dimensions. This is brought 
about by a (1, 1) correspondence between points in such a space and oriented 
spheres, as indicated, e. g., in Klein’s //ihere Geometrie, pp. 472, seq. 

15. The correlative of the Cyclide. As is well known, the general 
quadratic point-manifoldness in the Geometry of Reciprocal Radii is the cyclide, 
a surface of order four containing the circle at infinity as double line. In the 
Geometry of Reciprocal Directions, the surface /' of class four and containing 
the circle at infinity as double line, discussed in Section 10, is the quadratic 
plane-manifoldness. For the cyclide, theorems analogous to theorems I, II 
and IV hold.t Furthermore, the centre of each of the five mutually orthog- 
onal spheres, with respect to each of which the cyclide is its own inverse, is 
the vertex of a quadric cone enveloped by planes bitangent to the cyclide. 
On F lie five double conics, viz. in the fundamental planes of the C; and in 
the plane at infinity. In fact, the eyelide and the surface F have correlative 
properties. Thus F is of order tivelve, and is the general surface of class four 
having the circle at infinity for double line. 

We may then establish the following relation between the central quadric 
and general cyclide : 

A central quadric may be transformed into a cyclide hy an inversion in a 


spherical complex followed by a dualistic transformation. 


New Haven, Conn., Fespruary, 1900. 








*This group was first noted by Sophus Lie, p. 186, note. Cf. also the Note by Stéphanos 
in the Comptes Rendus for 1881, p. 1195. 

+Cf. e. g- Darboux, Sur une classe remarquable de courbes et de surfaces algébriques, p. 116, 
seq., p. 153. 








ON THE INTERSECTION OF TWO CONICS HAVING A 
COMMON FOCUS. 


By Jutian LowE.t Coo.uipGe. 


Tue problem of constructing the common points or tangents of two con- 
ics, determined by a number of given points or tangents, is, in general, of the 
fourth degree, and consequently beyond the reach of the machinery allowed in 
elementary geometry. When two common points or tangents are given, the 
remaining common elements may be constructed by means of a ruler and com- 
pletely given conic; but even here, the actual construction is often laborious. 
In the special cases indicated in the title of this paper, there happens to be a 
very simple construction by means of ruler and compass. 

Suppose that C, be the common focus of two conics, and that we have 
besides at least three points or tangents of each given. Take any circle c? 
with its centre at C,. The polar reciprocal of each of these conics with re- 
gard to c? is, of course, a circle. The pole or polar of any line or point with 
regard to c? may be constructed by means of ruler and compass, hence we 
may construct three points or tangents to each circle reciprocal to our given 
conics. The circles themselves may then be constructed and, by elementary 
geometry, their common tangents. The poles of these lines should then be 
found, and these will be the intersections required. It should be noticed that, 
if our conics are given by points, we shall need four points of each to make 
our construction unique, for we see in the reciprocal case, that four circles may 
be constructed tangent to three given lines. 

An interesting application of the foregoing construction, appears in con- 
nection with the problem of Appolonius: (0 construct a circle tangent to three 
given circles. Let the circles be called c?, c3, c3, their centres C,, C,, C; and 
radii r,, 72,73. For the sake of definiteness, we will suppose that each lies 
wholly without the others, while r;> 7, and 7,>73. If C be the centre of a 
circle tangent externally to c? and c3, or tangent to and surrounding both, 
we see that CC, — C C,=1,;—1r,. The locus of such points is, then, a hyper- 
bola with one focus at C; and the other at C,. We may construct as many 
points C as we please ; for if r be any convenient length we merely have to 
find the intersection of a circle with centre C, and radius 7,;+7, with one 
having centre C, and radius r,+ 7. This will be one of the required points C. 
(173) 




























ie 





BY ga 
Spi tort” 


} 
{ 
| 
| 
| 


te | ai 
veg x ® 
- > 


we oe 


nei. 














174 COOLIDGE. 


A like form of construction will give points on a hyperbola having an analo- 
gous relation to the circles c?,c3. The two hyperbolas will have the com- 
mon focus C,, hence their intersections may be found by the construction out- 
lined above. There will be four of these points, but, as we shall presently 
see, two must be rejected ; the other two will be centres of circles fulfilling 
the given condition.* 

The problem of the number of solutions may be notably simplified by the 
consideration that there are just as many solutions in the general case, as in 
the special case where the centres of the given circles all lie on a straight line. 
For a circle with its centre at the point of concurrence of the radical axes, and 
radius equal to the tangent thence to any one of them, will cut all three or- 
thogonally. If we take a centre of inversion on this new circle at a point 
without all three of the given circles, and invert the whole figure, we shall get 
three new circles cutting the same straight line orthogonally, that is, having 
collinear centres. Circles touching all three of the original circles, will invert 
into others touching all the new ones, and conversely. No one of the new 
circles will surround another, for, as we move along the line of centres, we 
shall not intersect one circle, while tracing a diameter of another. We may 
use the old notation without confusion, calling the new circle which lies between 
the other two c? and noticing that the former inequality existing between the 
radii may fallaway. We may, as before, find two hyperbolas, with the com- 
mon focus C,; and we shall see that they are turned in opposite ways with 
regard to Cj. They will then meet in four real points, on the same branch of 
one curve, and in pairs on the two branches of the other. Two of these must 
be rejected as they will be points whence circles may be drawn tangent exter- 
nally to one pair of circles and internally to the other. The other two will be 
points sought. There will be, besides these hyperbolas, two others. One will 
be the locus of centres of circles touching ¢? externally and ¢2 internally, or 
vice versa; the other will be the analogous curve for c? 2. Each pair of 
hyperbolas will give two solutions, so that the total number, when the given 


circles lie exterior to one another, is eight. 
HARVARD UNIVERSITY, JANUARY, 1900. 





* The idea of solving the Appolonian problem by means of the intersection of hyperbolas 
is certainly not new. Adrianus Romanus tried to carry out such a solution. Cf. Cajori. A 
History of Mathematics p. 154, New York, 1984. 
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THE CONDITION THAT A LINEAR TOTAL DIFFERENTIAL 
EQUATION BE INTEGRABLE. 


By E. O. Lovett. 


In order that the linear partial differential equations 


a i of of 
(1) f= &,(*, y, 2) ae m (*, Ys 2) oy + & (#, y, 2) 55 0s 
P , of of of 
(2) 0, f= &(x, y, 2) at n2(*, ¥, 2) ay + & (x, y, 2) a3 0» 


have a common solution it is both necessary and sufficient that a relation of 
the form 


(2), Ng)= 0,(2,7)— 2,(02, f)= A(z, y, 2) DS + re(, y, 27) OS 


exist identically, whatever the function f(x, y, z) may be-* 
If the above equations have the forms 


6 r . or cr 
(3) X, f= -+ 0, (2, ¥, 2) = 0, 
a . or of 
alg =/ = 9(X, ¥, 2) — =0, 
(4) X3 TS 5y + Oa ( i das 


7 a7 


. > ; . of C 
the expression (.X), X,) will have no terms in TD and Zo and A,, Ay accord- 
Cx Cc 
ingly become zero, that is 
(Y,, X2)= 44(X2,/)— 42(-%7)= 09, 


is the necessary and sufficient condition that (3) and (4) have a common solu- 


tion. 
In order that the linear total differential equation 


(5) P(x, y, 2) dx +Q (x, y, 2) dy+ R(x, y, 2) dz=0 





* See Lie-Scheffers, Differentialgleichungen mit bekannten infinitesimalen Transformationen, 
chap. 10, § 3; Leipzig, 1891. 
(175) 
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176 LOVETT. 


have an integral it is both necessary and sufficient that the linear partial differ- 
ential equations 


of Per ry Ff Qa 
f=- —— ==), Vf==—-—-—==-0 
7s ox =Roz , ey Roz 


have a common solution. 
Hence in order that the linear total differential equation (5) be integrable 
it is both necessary and sufficient that 
(U, V)=0; 


or, in developed form 


A ; P(Q:—Ry)+ (( R,- P.)+ hi Py- Q,) te Q's 


that is 
P(Q.—R,)+ OCR, — P.)+ RCP, -— Q,)=9. 
The above method admits of immediate extension to the case of more 


than three independent variables 


EP, Xe, oo oy £,) dx, =0. 
1 


PRINCETON, New JERSEY, APRIL, 1900. 








A FUNDAMENTAL REMARK CONCERNING DETERMINANTAL 
NOTATIONS WITH THE EVALUATION OF AN IMPORTANT 
DETERMINANT OF SPECIAL FORM.* 


By Exviakm Hastines Moore. 


1. INTRODUCTION. 


Tue fundamental evaluation-theorem 7) and its generalization 7, to be dis- 
cussed in this paper(§§2, 3,6; §5) were first derived by Professor W. H. Metzler 
as generalizations of a certain theorem 7) (i, = 2, 2) of Muir (given in §2). 

The remark concerning determinantal notations is made in §3 as prepar- 
atory to and illustrated by the convenient formulations of the set of related 
theorems given in §§3, 4,5. The theorem 7, comes from 7, by induction 
(§5). Of 7, 1 give in § 6 four proofs; these proofs are, in a general way, 
characterized at the beginning of §6; also in these proofs the notations em- 
ployed exhibit their flexibility. 

The special case 7} of 7, (§4) I had found in algebraic investigations, 
and on learning, in November, 1898, of the Muir theorem the generalizations 
to T, and 7, were immediately made. 

Professor Metzler presented his results to the London Mathematical So- 
ciety in a paper read Jan. 12, 1899, entitled “On a Determinant each of whose 
Elements is the Product of & Factors.” (This & is the s of 7). He makes 
use of the ordinary unipartite notation which is not so well fitted to express 
the essential properties of the special determinants in question as is the multi- 
partite notation here used (§§3, 4, 5).t 

The theorems are of importance in algebra, and the determinants will be 
found occurring in algebra (in real life, one may say) exactly in this multi- 
partite notation. 

According to Hensel (Acta Mathematica, Vol. 14, p. 319, 1891) the 
special case 7Y/ of 73 (§4) is due to Kronecker. His proof (in lectures on 








* This paper was read before the Chicago section of the American Mathematical Society 
at the meeting of April 14, 1900. 

t This paper has just appeared in The American Mathematical Monthly. {Note added July 
10, 1900. } 
(177) 
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of Grassmann’s theory. 


MOORE. 


” 


proof III (§6) of 73 is a modified generalization. 





eine elegante Umformung der zu untersuchenden Determi- 
Rados has given a proof by means 
Hensel has given a proof (J. c., p. 317) of which my 


2. PRELIMINARY STATEMENT OF THE FUNDAMENTAL THEOREM 7}. 
SpeciaL Cases. 


THEOREM 7). 


The product of n determinants each of order m and m 


determinants each of order n may be expressed as a determinant of order mn 


each of whose constituent elements 
EXAMPLES. 


suffix notation, using the skeleton letters 4’ 6”. . 
. for those of order 
. for the determinants themselves. 


terminants of order m and ¢’ c” 
ing letters BY BY... O'C"."” 
The case (m, vn) = (2, 2). 


Bb 
| Ky by 0 O ce, O chs 
| by by OO O 0 cf O 
(0 0 bi bp % 0 ce 
(0 O bh bh 0 & 0 


is the product of two factors. 
We take the elements of each determinant in the double 
for the elements of the de- 4 


Br" Ol Oo" = 


0 Oe Oe One 
C2 | _ | Puen Ome Ones 
0 | Oe bet “a bi Ge 
Ce | Oe Ope Ones 


n, and the correspond- 


row 
Dig 12 
hy chs 


Dio 9. ‘22 


W dl 
by Cr 


This example, in less suggestive notation, is given by Muir: Theory of 


Determinants, p. 117, 1882. 


of order four one takes the 4-rows with the c-columns. 


The case (m, n) = (3, 2). 


' I ' bi Odd om — 


: i 
by by by, 9 +O O | 0 0 0 
bi, By big 0 0! 100 ef 0 


i. | 
(00 0 Oh bie bie) je 0 0 ey 


00 0 bb b%) 10 go o 
0 0 O By bg, bf | lo 0 Yo 





J 
Cp 





7 0 | Pci Macs sett Oucta Barts Pisels 
C129 | | bach Opeeti Poach Doria Dieeis Uesete 
O cig |_| Pare Ogee Onset Sree O5acta Masta 
00 |i Hd Ud it id a 
cn 0 | | they Bch, Del Oli Ue 2a 
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In the multiplication of the two determinants 





The reader is requested to write down the corresponding examples of the 


theorem for the cases (m,n) = (3 


, 3), (4, 2), (4, 3), (4, 4). 








EVALUATION OF A SPECIAL DETERMINANT. 


3. Derinitive StaTemeNnT OF THE FUNDAMENTAL THEOREM 7): 
AN ILLUSTRATION OF A FUNDAMENTAL REMARK CONCERNING 
DETERMINANTAL NOTATIONS. 


We use for the general case (m, n) the notations of §2 with the further 
permanent understanding that the indices f, g, 4 shall have the values 1, . .,m 
and the indices 7, j, the values 1,.., 2”. We have then 


B = | Of, | ‘ Cc" =| ef,’ | 


A scrutiny of the examples of §3 reveals the fact that for the rather ob- 
vious generalization of those examples the elements a,,,.(u, v=1, 2, . ., mn) 
of the product determinant A of order mn have the general form 

bj) ce. 
There is a definite interdependence of the uv and the fhik. This interde- 
pendence is sufficiently simple; its explicit expression, however, leads to 
cumbrous forms. 

It is now in place to make a remark of fundamental import with respect 
to determinants which has received, if any, insufficient notice in the text-books. 
A determinant of order t is uniquely defined by the unique definition of its 
@ elements in the form a,, where the suffixes uv run independently over any 
(the same) set of ¢ distinct marks (OF ANY DESCRIPTION WHATEVER). 

The point is this: one ordinarily uses the set of marks 1, 2,..., ¢ not 
only to define the elements @,,, but further to localize them as the elements 
of the familiar square array of ¢ rows and ¢ columns. Now the determinant 
A is a certain rational integral function of its @ elements «,,. For the in- 
vestigation of the properties of general determinants this function ts conven- 
iently denoted by this square array in the determinant brackets. But for the 
investigation of determinants of special forms (as in the case now in hand) it 
is often convenient to introduce some other set of ¢ marks. 

The truth of the remark follows from the fact that however the notations 
His Hy,» » » y My, be assigned to the ¢ marks, the determinant |q _, | of the square 
array 


a °° Cn, M, 
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is always the same, the various arrays coming from one of them by various 
cogredient permutations of its rows and columns. This definite function of 
the @ elements @,,, is the determinant | @,,.!; it is uniquely defined by its no- 
tation with the understanding that the suffixes u,v run independently over a 
certain set of ¢ distinct marks. Thus the determinant 

Gur | (u, r=«, Xr, p) 
is the function 


a yr Can _ Boa np ic a a Oy « Ga Gee Grn aa — a, yy Gi em— Wea a,. a 


we 

Also in these determinants | q@,,,| it is convenient to speak of the row u, 
of the ¢ elements ¢,,,, and of the column v, of the ¢ elements a,,. and of 
the principal diagonal the product of the ¢ elements @,,,, (where in each 
instance one subscript index is indeterminate), although in general there is 
no first, or second, or 7th row or column. 

Of course the / marks may be themselves multipartite symbols. Indeed 
for the theorem 7, we have f= mn, and find it altogether desirable to use the 


set of ¢ bipartite marks 
aj fae nS 
Pees, . . oy 


Thus the element a, shall be denoted by 


Opi hk 

In order to tind the precise mode in which each element a, ,, depends 
upon its suffix, we recur to the case (m,n) = (3, 2); using for the six rows 
and the six columns the bipartite notation gj (g = 1, 2,3; /=1, 2) in the order 
11, 21, 31, 12, 22, 32 we find 


a (i) A) 
Fi hk = bi) ° Cip 


We now state the 
FUNDAMENTAL THEOREM 7}. The determinant 


(1) A — (rink | 
of order mn, where throughout 

y (i) Ah) Leet, .. 50 
(2) Opi m= YF) ° Cig (; int... “a 


is the product of the n determinants B® of order m and the m determinants 
OC” of order n: 


. 
s 


é 1) | Bid 1h) | ath) Shoot, ..,@ 
(4) A=BY.. BY. O®.. om, 
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4. COoOROLLARIES TO THE FUNDAMENTAL THEOREM 7). 


One has, corresponding to the two specializations 


f,aoel,..,@ 
on fh J? ’ ’ 
Cs") pine = Yen hy Oyen Cir (‘ k=1,.., n): 
of the fundamental relation (2), the two theorems : 
rye (hy ’ j,Rml, .. 5 
(T3, Ty) | dyn |=|Srn|" - . le] 5 [Orn| "> cue |™ Gans. ny: 
h=l1,m 


5. Tue GENERAL THEOREM 77. 
The fundamental theorem 7, dealing with determinants of the fro orders 
mn I restate in a form suggesting its generalization : 


FUNDAMENTAL THEOREM (73). The determinant 


’ = fis & = 1, so 9 OS 
( l ) A= | “99 Ik | ps Mm wel, ...» Me 
of order n= ny Ng, where throughout 


2! — gigs) . (8h) 
(2 ) “O92 kk, — a ak; a kh, ’ 


G2" 


is the product of the v,=n/ny=n, determinants A“% of order n, and the 
¥y= n/Ng = n, determinants A™* of order ny: 


aL J hy 1, .., 2 
or A(l ge) —| (1g) | 3&,) (2 ky) ‘ 
(3°) At! #) = Ug, % 19 AG*, =|4%, i, | gf, Se Ht... 


GENERAL THrorem (7',). — The determinant 


(1”) A=|4% ..9,%..% 





Mgr Rg =1,- + + Mg 
Semi, ...8 
of order n= ny ng. . n,, where throughout 


(Bq — ae 
(2") Og... ged. he — Il a B+I i : 


p=1,8 I,*p 
(the superscript (Bas, - - sa) being, aside from the B, the s—1 indices lying 
between g, and k, on the face of the double s-partite suffix g,. - 9s RB. « &)s 
isthe product of certain v=v4+. + + Ys determinants, viz. for B=1,2,..,8 
the vg =n/ng determinants 


(3") A‘? % s1°°s%p-p _ la Bogyy-s*e_p | (gp.kp = 1,.-, Ng) 


= 9g kp 


of order ng. 
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This theorem 7, is easily proved by induction. The fundamental theorem 
T, is taken as proved (cf. §6). We assume the truth of 7,_,. Writing for 


b= 2 * #9 ny 
7, emt, .«<.c® 
(4% Kg. =1 i. ") 
fs Se 
where throughout (for a certain 1 — 1 correspondence between the », marks 


1, ..,»,and the », s—1-partite marks fy. ./,(fg=1, - -, 43 B=2,..,%) 
in which y and g; . . g, correspond and « and &, . . 4, correspond ) 


4(h) —] qh) | =! a) 
A) = | aD | = guy os ke 





aks) ~~ k,) = Il a’ Ig 41 eine key 
9g ky ee k. 


Y* G2 - + Os p=2,8 Ig ke . 


one sees (by 7,.,) that A“ is the product of the (v,+.. + ,)/n, determi- 
nants A@%41-*s-1) (gg,kg=1, . -, Mg, for 8= 2, . ., #), and since throughout 


Ay.9,..9, bik, --b, = "gy bys = US Pa vo 
one sees (by 7) that A is the product of the v, determinants ACY = A'% «+9 
and the n, determinants A“), Hence the truth of 7, is seen to follow from 
that of 7, and 7,,. 
6. Four Proors oF THE FUNDAMENTAL THEOREM 7}. 


The four proofs I— IV depend essentially upon the following theorems 
in the theory of determinants:  - 


Proof I: upon the multiplication theorem, so that this proof is a 
generalization of Muir’s proof for the case (m,n) = (2,2). 

Proof II: upon the Laplacian development of a determinant. 

Proof III: upon the theorem that the vanishing of the determinant 


of a system of t linear homogeneous equations in t un- 
knowns is the necessary and sufficient condition for the ex- 
istence of a non-zero solution of the system of equations. 
Proof IV: upon three fundamental explicit formulas for the determi- 
nant | dy,|, by means of which one makes an explicit 
transformation of the right side of the identity (4) into 
its left side. 
Proofs II, II]: further on the theorems concerning the decomposition of 
rational integral functions of one or several indeterminates 
into irreducible functions of the same kind (e. g., Weber's 
Algebra, Vol. 1, §51), and on the fact that the general 
determinant is irreducible. 
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Proof 1. Recalling the statement at the close of §3 of the fundamental 
theorem 73, we take two determinants B, C of order mn, in the bipartite no- 
tation used for A in(1). The determinant A is the row-by-column product of 
the determinants B and C, if throughout 


(5) Cfihk = ~ Yai gj “gi nee 
9,J3 


This relation (5) is identical with the known relation (2), and so will follow 
(6) A= B.C, 


if (1°) dag is O unless j = +, (2°) cyjyz is O unless y=h, (so that the right of 
(5) reduces to bai Crime)» (3°) Op ang is fy, and (4°) Cygne is cf}. 

We suppose that the elements of the determinants B,C are those speci- 
fied by these conditions (1°) .. (4°). Then A= BC. 

Now, if the mn rows and columns of B be arranged in sets of n, the 
second index of the bipartite notation indicating the set and the first index the 
row or column of the set (as at the close of §3 for the case (m,n) = (3, 2) ), 
we see that the determinant B of order mn is the product of the n determi- 
nants B® of order m. Again, if the mn rows and columns of C be arranged 
in sets of m, the first index indicating the set and the second index the row 
or column of the set, we see that the determinant C’ is the product of the m 
determinants C™. Hence the theorem is proved : 


(4) A=Bo.. BM. OM... Om, 

Proof II. We separate the mn rows fi of A into n sets of m each, the 

m of each set having the same second index 7 and distinct first indices f. In 

the set of m rows fi (¢= i; f=1, 2, . ., m) the column 2k has the elements 

Oy, ne = Op - c(h) Uf=1,..,m), 

with the common factor c#)... We take any m distinct columns /,/,, . ., Am Km 

of these m rows and obtain a minor of order m for use in the Laplacian de- 
velopment of the determinant A ; this minor is, apart from sign, 


Cr ne | =| bo) 6% | = I c@.| b8@ |- 
| fig hk, | | i’ hy “igh, ue | FR, | 
S,.gwmi,.o,®@ Jig mi,...,m g=l1,m Nig zi,..,m 


Now, if two of the m h,’s are equal, the determinant | {| has two equal col- 
umns and vanishes, while, if the /,, .., 2, are the distinct numbers 1, . ., m 
in some order, this determinant is + BC, Thus every minor of order m 
arising from these m rows fi (¢= 3 f= 1, .., m) has the factor BW. 
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By this Laplacian development of A we see that A has the factor 
BO B®... B” = B (say), 


and by the analogous development, in which are interchanged the réles of rows 
and columns on the one hand and of first and second indices on the other hand, 
we see that A has the factor 
CH Ce... CM=C (say). 
Now the factors B®, C being distinct general determinants are m+n dis- 
tinct irreducible factors of A. Hence 4 has the factor BC. A and BC are 
each homogeneous of degree 2mn in the letters b,c. Hence A= a BC where 
a is independent of the 4,c. The literal term 
TT by efi 
h,i 
occurs in A as the principal diagonal with the coefficient + 1, and in BC as 
the product of the principal diagonals of the B, C™ likewise with the co- 
efficient + 1; it occurs otherwise neither in A norin BC. Hence a=1, and 
A= BC: the theorem is proved. 
Proof III. We build the system of mn equations in the mn unknowns 
Unk: 
(7) X «= >> Cp hk Tr = > Deh Cle Xn =O = ke 4 f 
hk h, k 
where X,; is a notation for the linear form in the 7,,. The determinant A of 
this system vanishes if the system has a non-zero solution. We prove that 
there is such a solution if any BO or C™ vanishes. From this and the irre- 
ducibility of the B®, C™ it follows that A has the factors BO, C™: whence 
follows the theorem itself as in the second proof. 
Introducing the forms 


(8) V,; a > ee Cne A=1,..,™ 
imehus ct 


pasi,n 
we express the system (7) in this way: 
(9) X= ba bi Yy;=0 E | eee ) ' 
, fanl, 2652 
h=1,m 


One observes that the unknown #,, enters only the n forms Y,; (¢= 1, . ., ”), 
these n linear forms Y,; involve precisely the n unknowns x, (k=1,..,n), 
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and the determinant of this system (8,) is C. Further the form Y,, enters 
only the m forms X, (f=1, .., m), these m linear forms X,; involve precisely 
the n forms Y,,;(4=1, . ., m), and the determinant of this system (9;) is B. 

Now, if one of the C™, say C), vanishes, we have a non-zero solution 
(Trav - +> Tan) #(O, .., 0) of the system (8): Y,,=0 (¢=1,.., n), and 
we take the zero solutions (2), . ., %,)=(0,..,0) of the m—1 systems 
(8,) (h#ho): Yx;= 0 (i =1,.., 2). Thus we obtain a non-zero solution 
(. . 2yy - +) of the system (7): X,=0, by the mediation of the zero solution 
(... Vaz...) of the system (9). 

If, however, no C™ vanishes while say B®) vanishes, we have a non- 
zero solution ( Y};,, - -; Yni,) = (Yrs + +> Ymi,) Of the system (9;): X,,=0 
(f=1, . ., m),and we take the zero solutions ( Yj;, - -» Yi) = (Yrs - +s Ymi) 
=(0,.., 0) of the remaining n—1 systems (9;) (¢ 4 %); thus we obtain a 
non-zero solution (. . Y,;..) =(. -Ya + +) ofthe system (9). The msystems 
(7,) have non-zero determinants C” (h=1,.., m); using this non-zero set 
(. - Yar - -), We find a solution (. . . x, ..) of the complete non-homogene- 
ous system ; 

(10) Yu= I ‘geome f 
This is necessarily a non-zero solution (. . 2, ..) of the system (10) and as 
well of the system (7). The third proof of the theorem is now complete. 

Proof IV. The fourth proof is based on the fundamental explicit deter- 


minantal form ulas: 


1 wn 
7 ine e- 
(F;) Gur | a 7 S tun, --& tr, T%..%, Gur, Cu,e, On, > 
My. M, 
Tyee eM 


( F,) tu. ou, | Cur |= , 4 0-0 ©, a Cu, ° 


Vip seo % . 
‘te 
v — 
(F3) tr, .. 9, Cur |= > tu, ..u, ur, o* Cu, ms. 
My,- +5 %, 


where (1°) the determinant |a,,| is one of order ¢ with @ elements @,, given 
in the general double-suffix notation, u v ranging independently over any (the 


same) set of ¢ distinct marks, 4, . ., #3 (2°) in the summations and in the 
equations the %, . ., %, Uy, - -, % range independently over this set of ¢ marks ; 


and (3°) the sign-symbol +, ., (where the ¢ suffixes w, . . w, are certain 
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¢ marks of this set) has this definition: if two of the ¢ suffixes w, . . w, are 
equal, then +... is 0; if the ¢ suffixes w,. .w,are the ¢ distinct marks 
Hy, - -» Hy in some order, then +,,...,i8 +1 or —1 according as of the 
4¢(¢— 1) pairs of suffixes w, w, (y,z=1,.., 43; y <2) the number of pairs, 
whose elements w, w#, occur in w, . . in an order the inverse of that in which 
they occur in a chosen order-of-reference of the ¢ marks, for example, 4, . . Hy; 
is even or odd, where further this order-of-reference may be varied at will from 
equation to equation. In the general notation every explicit equation will in- 
volve terms all of even degree or all of odd degree in these sign-symbols. The 
product of two sign-symbols is independent of the order-of-reference. 

By the use of the general formulas (F, /, 43) we are to effeet a direct 
explicit transformation of the product 


(11) B.C = BY... B™.C®.. Om 


into A. 

The indices ghq have the range 1,.., m; the indices 7 jr have the 
range 1, . .,; the index p has the range 1,...,/ where/=mn. Between 
the / distinct marks p and the / distinct marks gr we establish a (any, for the 
present permanent) 1 — 1 correspondence, in which to / corresponds q, 7, and 
to gr corresponds pz,. 

For the expression of the determinants B =| 4/),| we use formula F,, 
introducing for every 7 any particular set of m distinct indices /,; . . . Ay; : 
(12) BY = >> a a I] by h . 


q 


Gite oom t 

The order-of-reference is taken to be the natural order 1,..,m. The 
summation-indices 7); .. J; and the indices /,;.. hi; (which except as to dis- 
tinctness are at our disposal) are introduced in a notation convenient for the 
(necessary) transformations of the sequel. 


Multiplying together the summations (12) we have by the distributive 
law : 


(13) B= B- > [ (Fite te Phy har) (TH inte) |: 
- ‘ie ae? 


rae 
qzli,m 

rai, = 

By means of the correspondence between the gr and the p we introduce 

throughout notations in p for the notations in g,r. Thus, the / Jor are the 
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lg), the 1h,, are the lh,, the II is the II under which the /r are the Ir,. It 


ar l 
requires closer consideration to see that 
(14) > ty, iste +h,, har =tyr,.. HR Rap,..+. hy? 


where the sign-symbols on the right have each / bipartite suffixes 9,7, A, and 
relate to an (any) order-of-reference of the / marks gr. It is evident, how- 
ever, that the right side of the equality (14) is only in notation and not in 
value dependent upon this particular order-of-reference of the / marks gr and 
upon the fixed correspondence between the / marks gr and the / marks p. 
And in view of the fact that the sign-symbols of the left side of (14) relate, 
for every value of r, to the natural order of the m marks 1, . ., m, one sees 
immediately the truth of (14) for the following order-of-reference : 

BBs. + op Oia 0.05 MEBy Ble « op Bie « ce MB: 000 ap EM + 05 Deo op MMs oo 0 0 

1m, . oy Gis « oy MR, 
and the correspondence relating this order to the natural order of the / marks p. 
We have then 


i 
( 15) B = > % MM, --- I" tar,. Ar; ” bh ’ 
"pee P 

where the notation r, (p= 1, . ., 1) relates to the correspondence between the 
qr and the p, while the notation hk, (p=1,..,/) relates to a permutation 
h,v, (p= 1, .., 1) of the / gr which is arbitrary as far as the 4, are concerned 
(for the bipartite marks hort (Q=1,. +, m3 r=1,.., 2) formed exactly 
such a permutation). This partially arbitrary permutation /, r, it is now con- 
so that now 


venient to fix as the permutation q, r,, 
. 
_ = (ry) 
(16) B= > x tor... 9" Laur... TE Op, - 
Tiveesh 


By analogous reasoning one has the relation : 


(17) C= » >» 


Further, on the understanding that all the sign-symbols relate to the same 
order-of-reference, one has by multiplication the relation : 


. 
= 5 (Ip 
(18) BC= > doo,... 00: Mesh---tgh ' -_ <<. 


Ive +o Ze 
Jas oo dt 


- » (9,) 
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since +9, ++ gr is +1. Here the g,r, (p= 1, . ., 7) form any permutation 
of the 7 gr. We have then an expression for /! BC if the summation on the 
right of (18) is made also with respect to all values of 9), ~~. Gis Tis + +9 % 
subject to the restriction that qr): 4 p""p" for every p’, p" (p'#p"). This 
restriction may, however, be omitted: the summation (18) vanishes if the g,r, 
have a repetition, qp'p-=Qp""p" (p' # p"). To see this we sum first with 
respect to J), + «> Jis Jis + +» Jpexcepting g,-gp~, and then with respect to Jp,Jp» 3 
for every case (Jp:,Jp") With g,: = gp the inner sum vanishes term by term since 
+yr,...gr, has two equal bipartite suffixes g,-r,-, J»-1p; for the two cases 
(9p's9p") = (9', 9"), (g", 9’) with g' # 7” the two inner sums cancel each other 
term by term, the corresponding terms agreeing exceptas to the signs +), ... gr, 
which are either both 0 or one + 1 and the other — 1: and so indeed for every 
Yp"p (p=1, . ., 1) with repetitions the summation (18) vanishes. We may 
then write 


: 1 
19 aC=— > 
Sa we I! ty, ...9 2th --- dh UD 49,7,Ipjy? 
++ Ip Tp» Uprdp > - Pp 
(p=i,...,t) 


where the a,,,; have been introduced. But the expression on the right is 

precisely the evaluation (/',) in bipartite double-suffix notation of the deter- 

minant A =|a,,,;|. Thus the fundamental theorem is again proved: A= BC. 
Tae University or CuicaGo, Fesruary, 1900. 








NOTE ON THE CONVERGENCE OF DEFINITE INTEGRALS. 
By J. K. Wuirremore. 


Let f(x) be a function of x continuous for all values of x greater than a. 
Then a sufficient condition for the convergence of the improper definite inte- 


gral, 

[ro dz b>a>0 
is ; 

lim ' 
(1) Poa (x f(2)) =A k> 


where A is any finite number. If this condition is satisfied, then 


lim 
t=—=@& 


(2) (xs(@) )=0. 


Equation (2) is, however, not a sufficient condition. For it is satisfied 





, and the integral 


dx 
» xlogx 
is divergent. Moreover equation (2) is not a necessary condition, for if 


J (*)= 


by f (x)= 


x log x 


sin x 


, the condition (2) is not satisfied ; but the integral 
x 





re 


sing ,. 7 
I = dx= 5: 





(189) 
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5 Oa 
Bg Equation (2) is not a necessary condition fur the convergence of the in- 
Hy tegral even when the integrand does not change sign. For the integral 
et , dx 
| j e op 1+atsin®? x 


r 


mi is convergent, * and the expression, , approaches no limit as x is in- 


iE 1+atsin?x 
definitely increased. Equation (2) is, however, a necessary condition for the 
convergence of the integral: 


ky , f [@ dx 
aS b 





Se a ee 
ww + 


1 if xf (x) has not an infinite number of maxima and minima for x>b. Itis 
: easy to see that in the two examples: 

ie xf(x)=sin x, ef (2)= — 

i: . 1 + 2‘ sin? x 


the function has an infinite number of maxima and minima beyond every value 
of x. The assumptions we make are the following : 


1. f(x) is continuous for x >a. 
DB 

2. i] J («) dz is convergent, and 
b 


3. 2x f(x) has not an infinite number of maxima and minima for x > b> a. 
Then, we wish to prove that : 


™ (= /2)) a= @. 





: t= 
4 
1 A necessary and sufficient condition for the convergence of the integral, 
bs F 
; | S (x) dx 
« |e 1s 
ne oh ° 
4 4 lim Gs ° 1 
1 y PB ‘ 4 C 
| ae (3) a= © Redes =S b<a,<ay 
ft A | a, — D . 
axl ' * See Appell — Eléments d’ Analyse mathématique, p. 243. 
} taet q 
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From (3) it follows that to every positive e there corresponds a quantity 
d > b such that for d < a, < ay, 


[re de < ¢ 


Since 1/x does not change sign between x = a, and x = a, we may apply 
the mean value theorem for integrals. Then 


I “Y(x) de = [° pot? 


ws a3 ly 
=ere) [°F ay<E<a, 


=€f(£) log 2. 


Let us choose a, = 2d, a,=2 ed, where e is-the exponential base. 


Then we have, as required, d < a,<a,, and log = 1, and 
al | 


(4) 





[ru |= bre |< 


We may now choose d so large that xf(x) has neither maximum nor 
minimum for «>d, since by hypothesis there are not an infinite number of 
such points. Then |x /(x)| must either never increase or never decrease as x 
increases indefinitely, and from (4) it follows that it must decrease indefinitely 


Pons («f(2)) =0. 


In the same way we may see that a necessary condition for the conver- 
gence of the integral, 
b 
[ S(x)dx 


+n ae ee eS oe eel 
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on | 
oS where f(x) is continuous for all values of x satisfying the inequalities, 
i: te . 
5 a<xsb, 
Bs and where f(a) = «, if (2 —a) f(x) has not an infinite number of maxima 
pe MG tie ;, : 
i and minima in the neighborhood of x = a, is 
ib «ft 
a, lim 
F t one [@e-«) Fx)| = 0. 
.: 


HARVARD UNIVERSITY, JUNE, 1900. 
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